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Abstract— This paper presents novel results on Perfect Re-
construction Feedback Quantizers (PRFQs), i.e., noise-shaping,
predictive and sigma-delta A/D converters whose signal transfer
function is unity. Our analysis of this class of converters is based
upon an additive white noise model of quantization errors. Our
key result is a formula that relates the minimum achievable
MSE of such converters to the signal-to-noise ratio (SNR) of
the scalar quantizer embedded in the feedback loop. This result
allows us to obtain analytical expressions that characterize the
corresponding optimal filters. We also show that, for a fixed SNR
of the scalar quantizer, the end-to-end MSE of an optimal PRFQ
which uses the optimal filters (which for this case turn out to be
IIR) decreases exponentially with increasing oversampling ratio.
Key departures from earlier work include the fact that fed back
quantization noise is explicitly taken into account and that the
order of the converter filters is not a-priori restricted.

Index Terms— Differential pulse code modulation, optimiza-
tion, quantization, sigma-delta modulation, source coding.

I. INTRODUCTION

The term Feedback Quantizer (FQ) refers to a class of
Analog-to-Digital converter architectures wherein a scalar
quantizer is placed within a linear feedback loop. Well known
examples of FQs include A-Modulators, DPCM converters [1]
and Sigma-Delta modulators [2]. The latter schemes have been
very successfully applied in a number of areas, including
audio compression [1], [3], oversampled A/D conversion [2],
[4], sub-band coding [5], digital image half-toning [6], power
conversion [7], and control over networks [8].

Fig. 1 depicts a general FQ configuration. In this scheme, Q
may take the form of a non-uniform or a uniform quantizer [9],
the latter being either dithered or undithered! [10].

The filters A(z) and B(z) in an FQ system allow one to
exploit the predictability of the input signal so as to reduce
the variance of {v(k)}rez. When compared with simple PCM
conversion, this flexibility allows one to use a scalar quantizer
with a smaller quantization step. The error-feedback filter
F(z) opens the possibility of spectrally shaping the effect of
quantization errors on the output. In this way, one can allocate
more of the quantization noise in the frequency bands where
it is less harmful from a user’s point of view. Accordingly,
it is convenient to use a frequency weighted error criterion,
via an error frequency weighting filter P(z), and to focus on

'In this case, the block Q in Fig. 1 represents the scalar quantizer including
the dither signals.

the frequency weighted MSE (FWMSE) (see discussion in [3],
[L1]).

For the sake of generality, we consider the possible use
of a clipper before Q. This device limits the value of the
quantizer input signal v’ so that v = v if |v| < s, and
v = rops if |v| > s, where s > 0 is the saturation threshold
of the clipper. This clipping technique can be used to keep
Q from overloading, which is helpful in reducing limit-cycle
oscillations (idle tones) in an FQ with high order filters, as
proposed in [4]. On the other hand, if we chose s to be
sufficiently large, then v/ = v, and the clipper has no effect
on the system.

If the characteristics of Q and the spectral properties of the
input signal = are known, then the design of an FQ converter
that minimizes the variance of e amounts to choosing the filters
A(z), B(z) and F(z2).

It is often desirable that a converter is transparent to
the system in which it is inserted. This corresponds to the
widespread paradigm in which the coding scheme adapts to
the application that employs it, without need to modify the
latter. A transparent converter is one whose signal transfer
function (i.e., the transfer function from input x to output Z) is
unity at the frequencies of interest. The design of such Perfect
Reconstruction Feedback Quantizers (PRFQs) constitutes the
main topic of the present work. PRFQs are characterized by
the property that, in the absence of quantization effects, there
is no frequency weighted reconstruction error, i.e., P(2)Z =
P(z)x. If we denote the power spectral density (PSD) of x by
S (e7%), then it can be seen from Fig. 1 that the latter holds
if and only if

A(e’)B(e’%) = 1, Vw such that S, (e/“)P(e’) # 0, (1)

Thus, in the design of an optimal PRFQ converter, only two
degrees of freedom are available: the filters F'(z) and A(z)
(or, alternatively, F(z) and B(z)).2

To the best of our knowledge, existing results on optimal
filter design for PRFQ converters either consider finite order
filters [2], [12], [13], assume (or require) that the variance of
the signal y £ F(z)n is much smaller than that of v [1],

2 We note that this reduction in the number of degrees of freedom (in
comparison with an FQ with no perfect reconstruction constraint) by no means
makes the design optimization problem easier to solve. Moreover, perfect
reconstruction constitutes an additional constraint that can not be added “a
posteriori”, i.e., after the optimization is completed.
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Fig. 1: Feedback Quantization system and frequency weighting filter.

[4], [14], [15], or have a heuristic component in the opti-
mization [2], [3], [13], [16]-[19]. The only explicit analytical
expressions currently available for the optimal performance
(and corresponding filter frequency responses) of a PRFQ
converter are those given in [14]. However, the assumption
of negligible fed back quantization errors used in [14] makes
these filters sub-optimal. Indeed, as we will show in the sequel,
there exist situations where the filters proposed in [14] yield
large fed back quantization error, even when a fine step scalar
quantizer is used. In these situations, not only is the main
assumption in [14] violated, but also an FWMSE much larger
than predicted can result due to excessive quantizer overload
(see, e.g., [2], [13]).

In the present work, we will show how to design optimal
PRFQ converters. For this purpose, as in [12], [14], [16]-[18],
we model the scalar quantizer as a linear device that introduces
additive white noise whose variance is proportional to that
of the signal being quantized. A key departure from [14],
however, is that we explicitly take into account fed back quan-
tization noise in the feedback loop. Our main contributions are:
1) We derive one-parameter equations that relate the minimum
achievable frequency weighted MSE to the signal-to-noise
ratio (SNR) of Q; ii) We show, within our model, that the
frequency weighted MSE in an optimal PRFQ where the SNR
of Q is fixed decreases exponentially with oversampling ratio;
and iii) We derive equations that characterize the optimal filters
for a PRFQ. Our results can be applied to any given number
of quantization levels, and to almost arbitrary input spectra
and frequency weighting criteria.

The remainder of this paper is organized as follows: In Sec-
tion II, we present our analysis model for PRFQ converters. In
Section III, we formulate the associated optimization problem.
Section IV presents a one-parameter characterization of the
solution. In Section V we discuss the main properties of an
optimized PRFQ. The case of oversampled FQ is analyzed in
Section VI. Section VII discusses the relationship to previous
results and highlights the importance of taking account of
fed back quantization noise. Section VIII presents simulation
results. Section IX draws conclusions. (For ease of exposition,
all proofs of our results are included in the Appendix.)

Preliminaries and Notation

We write “iff” as a short hand expression for “if and only
if”. The sets of all complex-valued square integrable and
absolutely integrable functions on [—7, 7] are denoted by L?
and L', respectively. Given f(w), g(w) € L?, we adopt the

standard inner product (f,g) £ br f - w)dw, where
(-)* denotes complex conjugatlon We denote the correspond—
ing 2-norm as ||f|| £ \/(f, f). We use z as the argument of
the z-transform. If F'(z) is a transfer function, then we use
the short hand notation F' to refer to the associated frequency
response F'(e/*). If I is a set, then we write “a.e. on I”” (almost
everywhere on I) for “everywhere on I, except on a zero
Lebesgue measure subset of I”. We use o2 to denote the vari-
ance of a given wide sense stationary (w.s.s.) random process
{z(k)}rez, having PSD S, (e/“). We recall that if = has zero
mean, then 02 £ E[z(k)?] = 5= |7 Su(e7)dw = ||Qq|?,
where 1, is a frequency response satisfying |Q (ej“’)‘ =
\/Sz(e7%), Vw € [—m, nr]. For any functions f(w) or F(e’*)
we wrlte Nf and N to denote the sets {w € [—m, 7] : f(w) =
0} and {w € [—m, 7] : F(e/“) = 0}, respectively.

To simplify notation, we introduce the operator (-)~1,
defined as follows:

Jjwy—1
F(ejw)Nl — {f(e ) )

where F' : C — R is any given function and § denotes any
arbitrary and positive bounded value. For later use, we also
recall the following definition:

Definition 1 (Almost Constant Function): A function f
[—7, 7] — R is said to be almost constant iff

[

Con)_
II. PRFQ CONVERTER MODEL

VYw ¢ Np

Vw € Np, @

f(z) f( Jdw| dx = 0. 3)

A

In this section we discuss some of the main aspects of
feedback quantization. We also describe the analysis model
and the constraints to be considered later in the search for the
optimal filters.

A. Feedback Quantizer Equations

We begin by presenting the equations that describe the
behaviour of the PRFQ shown in Fig. 1.

1) Quantization and Clipping Errors: From Fig.1, the
quantization error n is given by
n(k) = w(k) —v' (k). )

Every practical scalar quantizer has an associated constant
V > 0 such that, if |[o/| > V, then Q is said to be



overloaded. When the quantizer is not overloaded, then n(k)

is only granular quantization error, namely o(k), which can be

bounded as |o(k)| < 0maz, YV'(k) € R, for some 0 < 9pnaz <

2V (see, e.g., [9]). For example, if Q is a symmetric, uniform,

non-dithered quantizer with /V levels and quantization interval

A, then one needs V' < NA/2 in order to obtain 9,4, = %.
In general, we can write

n(k) = o(k) + 7(k), (5)

where

v(k)'
|o(k)’|

is the overload error. Clearly overload errors are bounded as
|7(k)| < |v'(k)| < |v(k)|, but they cannot be bounded by a
constant unless v’ is bounded.

As outlined in the introduction, the clipper in Fig. 1 can
be used to keep Q from overloading. For simplicity, we will
only consider here two possibilities, namely, that s = V, or
else s = 0o. The former choice guarantees that Q does not
overload, since clipping error, defined as

(k) = v(k) —

min{V; [v'(k)[}

I(k) £ ' (k) —v(k), VkeZ, (6)
takes place instead. More precisely, if s = co we have that
O(k) = 0, and (k) = v(k) — g min{V, [o(k)[}. If,
instead, s = V, then the latter revert to ¥(k) = wv(k) —
%min{v, |v(k)|} and 7(k) = 0. A key point in using
clipping is that, unlike overload errors, clipping errors are not
fed back into Q through F'(z). This helps to avoid large limit-
cycle oscillations arising from the overload of Q, see [4]. Since
such oscillations are not part of the analysis model we will
use, their occurrence could increase the FWMSE significantly
above the value predicted by the model.

Using the above definitions, and from Fig. 1, we can write
w(k) = v(k) + n(k) +9(k), (7

which reveals that w differs from v by the sum of the
quantization and clipping errors.
2) Transfer Functions: From Fig. 1 and (7) we have that

v=A(z)x — F(2)n, (8a)
& = B(2)A(z)x + B(2)[1 — F(2)]n + B(2)9, (8b)
e = P(2)B(2)[1 — F(z)]n + P(2)B(2)9. (8c)

Notice that these equations are exact and require no as-
sumptions on the signals involved. From (8b) one can see
that A(z)B(z) corresponds to the signal transfer function
(STF), from x to z, of the converter. Similarly, the product
B(z)[1— F(2)] is the transfer function for quantization errors,
usually referred to as the noise transfer function (NTF) of the
converter®. The term [1 — F'(z)] will play a crucial role in the
derivation of the optimal filters in Section IV.

3In noise-shaping and LA literature, where B(z) is typically a unit gain,
the term NTF is normally used for 1 — F'(z).

3) Stability: We say that a PRFQ is Bounded-Input-
Bounded Output (BIBO) stable iff for any input sequence x
satisfying ||z||co < Zmasx < 00 all the signals in the converter
are bounded.

If s =V or if Q has infinitely many quantization levels,
then |n| < 9maz, Vk € Z, and thus all the other signals in the
converter are bounded. On the other hand, if s = oo, then v
can be written as

L AG) PG
1-F(2) 1-F(2)

v 9
If the quantizer has a finite number of quantization levels, then
w is bounded. If F(z) is stable and 1 — F(z) is minimum-
phase, then it follows from (9) that v is bounded. This in turn
guarantees that n and all the other signals in the converter are
bounded (see (4) and (8)). Summarizing, if all the filters in
Fig. 1 are stable, and if 1 — F'(z) has no zeros on or outside
the unit circle, then the resulting PRFQ is BIBO stable.

In addition, if A(z) and F'(z) are stable, then the ¢, norm
of their impulse responses, namely A, and F,, are bounded.
Thus, if there exists a bounded Z;;,q, > 0 such that |z(k)| <
Tmazr < 00, Vk € 7, then a sufficient condition to ensure
7(k) =9(k) =0, Vk € Z, is that V > V,;,;,, < 00, where

Vmin £ Aooxma:r + Foo@maa:- (10)

Thus, for a uniform quantizer with quantization interval A, it
suffices to have V},,;,,/A or more quantization levels in order
to avoid clipping or overload errors.

B. Assumptions

The assumptions associated with our PRFQ model are
described next.

1) Input Spectrum and Frequency Weighting: The error
weighting filter P(z) in Fig. 1 models the impact that re-
construction errors have at each frequency. This “performance
assessment” filter is application dependent, and is assumed to
be stable and given. The input signal {x(k)}rez is a zero-
mean w.s.s. stochastic process* with known PSD S, (w) =
|Q_t(ej”)|2 and finite power, i.e., [|[||*> < oco. In order to
simplify our subsequent analysis, we shall further restrict €2,
and P(z) to satisfy the following:

Assumption 1: The product |Q, P| is a piece-wise differen-
tiable function having at most a finite number of discontinuities
and satisfying | (e?*)P(e?%)| < o0, Vw € [-m, . In
addition, |Q, P| is such that one® of the following conditions
holds:

i) There exists a constant Gmin > 0 such
|4 (e7°) P(e7*)| > gmin, for all w € [—m, 7], or
i) 3w € [—m, @] such that |Q,(e?*)P(e?*)| = 0. Fur-
thermore, if {T';} denotes the set of non-contiguous
and non-overlapping intervals in [—m,w| such that
|Q(e7)P(e?*)| = 0 & w € U, Ly, then, for every
i, 3¢; € Ty such that |Q,(e7%)P(el*)| is O(w — ;) as
w — CZ A

that

4This excludes, for example, sinusoids or constant inputs from the analysis.
SNotice that conditions i) and ii) can not be met simultaneously.



We note that the above is a rather weak constraint, since
conditions i) and ii) include almost any product |2, P| of
practical or theoretical interest. In particular, condition i)
covers all the cases where the product () P(z) has no zeros
on the unit circle. In turn, condition ii) is satisfied if P¢), is
zero over any interval on [—m, 7| having non-zero measure, or
if Q,(z)P(z) is rational and has zeros on the unit circle.

2) The Quantizer: We shall focus our analysis on the effect
that granular quantization errors have on the FWMSE. For
this effect to closely represent the actual FWMSE, we need to
assume the following:

Assumption 2: The variances of overload and clipping
errors are negligible, i.e.,

03 <<U72N if s=o0, or (11a)
o3 Lo, ifs=V. (11b)
A

In addition, and as stated in the introduction, we will adopt
an additive white noise model for n. This model is widely used
for the analysis and design of data converters (see, e.g., [1]-
[51, [12]-[14], [16]-[18], [20]-[22]), being usually described
as follows:

Assumption 3: The sequence of quantization noise
{n(k)}rez is a zero-mean w.s.s. random process, uncorrelated
with the input of the PRFQ, and having constant PSD

Sp(w) = 0721, Yw € [—m, 7],

where o2 is the variance of {n(k)}rez. A
The above additive white noise model, although not exact, is,
in general a good approximation when a signal with a smooth
probability density function (PDF) is quantized with many
levels and negligible overload (in the sense of Assumption 2),
see, e.g., [2]. The model can be made exact, even for few
quantization levels, by utilizing a uniform scalar quantizer
with either subtractive or non-subtractive dither®, provided
quantizer overload does not occur, see [10]. As discussed
before, one way to achieve this is to use a quantizer with
a sufficiently large number of quantization levels, so as to
satisfy (10). In this case, if the quantization interval is A
and the dither sequence v whitens n, makes n uncorrelated
to « when Q is not overloaded and is bounded as |v(k)| <
Vmaz, then any number of levels greater than or equal to
(Vinin + 2Vmaz) /A will make Assumption 3 hold exactly. If
a smaller number of quantization levels are employed so that
V' < Vinin, then the use of dither with the same characteristics
as before, together with clipping (i.e., setting s = V'), will also
make n satisfy Assumption 3 exactly.

Assumption 3 allows one to write the variance of {v(k)}xrez
as

or = | AQ|* + o2 || F||?, (12)

see Fig. 1. This equation describes the effect of o2 on o2

through the feedback path. However, if the scalar quantizer has
a finite and fixed number of quantization levels, then another
link between these two variances needs to be considered. In

®Here and in the sequel we assume the dither is such that n is white and
uncorrelated with « when Q is not overloaded.

order to model this relationship, we will use the fixed signal-
to-noise ratio model employed in, e.g., [12], [14], [16], [17],
[21]:

Assumption 4: For a fixed number of quantization levels,
the variance of quantization errors is proportional to the
variance of the signal being quantized, i.e., there exists v > 0
such that

2
JU

vE 2. (13)
Un

A

If no clipping is used (i.e., if s = o0), then ~ corresponds
exactly to the SNR of Q. If s = V, then v is a good a
approximation of the SNR of Q when (11b) in Assumption 2
holds.

In our model, v is assumed fixed and given. Strictly speak-
ing, v depends on the PDF of {v(k)}rez, on the number of
quantization levels of Q, and on how quantization thresholds
and levels are distributed along the dynamic range of Q.
In practice, for a given number of quantization levels,
should be chosen such that the dynamic range of Q is used
efficiently, whilst ensuring a low probability of quantizer
overload or clipping. For example, for the often cited uniform
quantizer with N levels and loading factor’ equal to 4 we
obtain v = 2 N? (assuming that {n(k)}rcz has a uniform
PDF and neglecting overload errors). We note that for large
N, and provided overload errors are negligible, a quadratic
relationship between N and ~ holds for most types of scalar
quantizers (see, e.g., [9]). This is indeed the well known rule of
“6 [dB] reduction of quantization noise variance per additional
bit of quantizer resolution”.

In the sequel, we refer to the model of PRFQ determined by
Assumptions 2, 3 and 4 as The Linear Model. Summarizing,
the Linear Model is exact if the PRFQ uses a dithered
quantizer having enough quantization levels to avoid overload.
If not enough quantization levels are available and dither
is used jointly with clipping, then the model is exact in
predicting the effects of granular quantization errors, and
is a good approximation in predicting the total FWMSE if
Assumption 2 also holds. If the scalar quantizer is undithered,
has a small quantization interval (relative to o,-) and enough
quantization levels to avoid overload, then the Linear Model
can be expected to yield a good approximation of the total
FWMSE. Perhaps surprisingly, the Linear Model turns out to
predict with remarkable accuracy the FWMSE of an optimal
PRFQ when few quantization levels and clipping are used with
a loading factor big enough to satisfy Assumption 2, even
without dither, and even for a 1-bit quantizer. This can be
observed from the simulation results presented in Section VIII.

C. Optimization Constraints

The filters A(z), B(z) and F(z) in Fig. 1 are design
choices. We shall restrict the search for the optimal filters to
those satisfying the following constraint:

Constraint 1:

1) A(z) and B(z) satisfy (1).

"The loading factor corresponds to the ratio between half the dynamic range
of Q and the standard deviation of its input.



2) A(z) and B(z) are stable.
3) F(z) is stable and strictly causal (i.e., lim,_ o, F(z) =
0). A
As foreshadowed in Section I, the first constraint enforces
perfect reconstruction. As discussed in Section II-A.3, the
stability constraints on A(z), B(z) and F(z) are a necessary
condition for the converter to be BIBO stable. The additional
requirement on F(z), namely strict causality, is needed for
the feedback loop in Fig. 1 to be well defined (see, e.g., [2,
Chap. 4]). Notice that we will not a priori require 1 — F'(z)
to have zeros only inside the open unit disk. Instead, we will
show that the latter property arises naturally from the solution
of the design optimization problem.

An additional constraint on F'(z) arises from the value of
v, as explained next. The ratio between the variances of v and
n imposed by the feedback can be obtained by dividing (12)
by 02, yielding

oy _ 1A

— = + I

2 2
On On

(14)

One can see from the above that if ||F||? > ~, then any
pre-filter or scaling of the quantization intervals of Q will
yield 02 > ~02, thus making large overload (or clipping)
inevitable. This would increase overall distortion, and if no
clipping is used, may lead to large limit-cycle oscillations. We
thus conclude that the use of feedback imposes the following
constraint:

Constraint 2:
IF|? <.

A

2 can be found by

If the above constraint is met, then o

substituting (13) into (14). This gives
2 AR
oy = IFIP

III. OpTIMAL PRFQ DESIGN

Given the model described in the previous section, we can
now evaluate the quantity that we aim to minimize, namely, the
frequency weighted mean squared error (FWMSE). From (8c),
and Assumptions 2 and 3, it follows that the FWMSE is
given by 02 = 02||(1 — F)BP|*. Thus, in view of (15), the
minimization of the FWMSE in the Linear Model can be stated
as follows:

Optimization Problem 1: For given ~, and for given
and P satisfying Assumption 1, find the frequency responses
F, A and B satisfying Constraints 1 and 2 that minimize

o _ IAQuIP10 - F)BPJ?
6 7~ 72

15)

(16)

A
The following proposition allows us to further reduce the
number of unknowns in (16) by characterizing the optimal
A(z) for a given choice of F(z).
Proposition 1: For any F(z) satisfying Constrains 1 and 2,
the infimum of the achievable FWMSE is given by
2 (11— F|,|QP])*

. = . 17
TeindIF = ST~ FP 0

The filters that achieve the infimum, namely A;,;(z) and
Bing(2), satisfy

| Agng| 2 50/ |P] 2 1= Y (18)

Bingl & LIPP 01— FIT, agb)
where £ > 0 is an arbitrary real constant. If |2 (e7%) P(e7)|
satisfies condition i) in Assumption 1, then A;n;(z) and
Bing¢(2) can be chosen stable; else, if |Qx(ej“)P(ej“’)’ sat-
isfies condition ii) in I, then one can achieve an FWMSE
arbitrarily close to o2, fIF with causal and stable filters A(z),
B(z) such that

EB ,Vw S IEB
[A(e)| = AF(w) £ {1/ Ve,
|A”Lf(€‘7w)| ,VW¢I‘5A UIEB7
(19a)
. A 71
|B(e")] = BEl(w) 2 (AF(w)) (19b)
a.e. on [—m, |, where
T, 2 {w e [-m,7]: ’Bmf(ejw)| > i} UNp,
Ty 2 {w € lomr]: [Ang(@9)] > ) UNG,
by making c4,ep — 0. A

As a consequence of Proposition 1, the optimal PRFQ design
problem reduces to that of finding the filter F'(z) which
minimizes U?min\F in (17).

It is convenient to rewrite equation (17) more compactly by
introducing the following change of variables:

flw) 2|1 = F(e),
g(w) = |Qa(e?) P(e’)],

Yw € [—m, 7], (20a)

Vw € [—m, 7. (20b)

Substituting (20) into (17) allows us to rewrite the infimal
FWMSE for a given choice of f as

2 A <f7 g>2
Ocmin|f D(f) 7+1_||f”2

We next translate the restrictions on F'(z), stated in Con-
straints 1 and 2, into equivalent constraints on f. For this
purpose, we note that, by definition, f needs to satisfy f(w) >
0, Vw € [—m, 7], and that, since ||F||? = ||F — 1]|> — 1 (see
the proof of Proposition 1 in the Appendix), Constraint 2 is
satisfied iff ||f||> < v + 1. In addition, a stable and strictly
causal F'(z) (i.e., one satisfying Constraint 1) always leads to
a function f, see (20), which satisfies®

Oﬁ/ﬂ In f(w)dw < 0.

21

(22)

This result follows directly from Jensen’s formula [23] (see
also the Bode Integral Theorem in, e.g., [24]).

On the other hand, as we shall see in Section IV, if
Assumption 1 holds, then the optimal f within the set of

8Notice that (22) dictates a fundamental trade-off in the noise-shaping
capabilities of feedback quantizers, namely, that one can remove noise from
one frequency band only at the expense of increasing it on another. This is
also known as the “water bed effect”. We discuss further implications of (22)
in Section VIL



functions described by (22) and the requirement || f]|? < v+1
turns out to be piece-wise differentiable on [—7, 7], has at
most a finite number of discontinuity points, and satisfies

s

and

2r)_ .
0< fm'in < f(w) < fmaac <00, Vw € [_7777T]~

log f(w)dw =0, (23a)

(23b)

Under these conditions, it is always possible to find a stable
and strictly causal filter F(z) such that |1 — F(e/*)| ap-
proximates f(w) arbitrarily well on [—m, «], as stated in the
following lemma:

Lemma 1: Suppose that f is piece-wise differentiable on
[—7, 7], that it has at most a finite number of discontinuity
points and that it satisfies (23). Then, for every € > 0, there
exists a (finite order) rational, strictly proper and stable F(z)
such that ||f — |1 — F||| <e. A

Using the above results, Optimization Problem 1 can be re-
stated as follows:

Optimization Problem 2: For given and known v > 0 and
for g satisfying Assumption 1, find

f* &arg _min D(f), 24)
where D(f) is as in (21) and
GE{f R—-Ry :[IfIP <v+1},
Co2{f:R—-R{ : ngﬂlnf(w)dw<oo}.
- A

The optimizer f* characterizes the optimal feedback filter, say
F*(z), via (20) (see also Lemma 1). In the following section,
we will show how to solve this optimization problem.

IV. SOoLUTION OF THE PRFQ OPTIMIZATION PROBLEM

It would be desirable to provide an explicit analytical
solution to Optimization Problem 2. Unfortunately, and as will
become apparent in the discussion below, developing a closed
form solution, for arbitrary functions g, appears infeasible.
Nevertheless, we can provide a one-parameter characterization
of the optimal function f* in (24) as follows:

Theorem 1: For any given g = |, P| satisfying Assump-
tion 1, and for any v > 0, the function f* in (24) belongs to
the one-parameter family of functions { fo}a>a., Where

w) £ 9(04) w —Tr, .
fa(w) T tata@) Vw € [-m, 7] (25a)
and
o) oxp (5 [ (VIGFFa + o)) @)

Here, a, £ max{0, ak}, is the lower bound of feasible o’s,

and oy, if it exists, is the unique scalar such that ||f, ||* =
~ + 1. If such a scalar doesn’t exist, then we choose ag = 0.
A

Note that the above result provides an explicit analytic
expression for f*, once the optimal «, defined as

)D(fa),

min
Qe ,00

(26)

A
Olopt = arg
@

has been found, i.e., f* = f,,,,. Expression (25a) also gives
insight into the structure of f*.

Theorem 1 can be used to develop an efficient algorithm
to solve Optimization Problem 2. The key point is that
substitution of (25a) into (21) changes the search space from
the infinite-dimensional set C; NCs to the real interval («.., 00).
More precisely, Optimization Problem 2 is turned into the
simpler problem of finding the minimizer of the single variable
non-convex scalar function

(farg)?
y+1—|fall?

We will show next that the global minimizer of ®(«), i.e.,
Qopt, (and hence the solution of Optimization Problem 2) is
unique. Furthermore, a,,; can be obtained by finding the root
of a scalar, convex, and monotonically decreasing function.

Theorem 2: Let g = |Q,P| satisfy Assumption 1, and
suppose that g is not almost constant, see (3). Then, for any
v > 0, the parameter oy defined in (26) satisfies

N 1= e% ffw In {1/g(w)2+aopt +g(w)} dw /aopt«

() £ D(fa) = a>a.. (27

(28)

On the other hand, if g is almost constant, then any o €
(e, 00) is optimal. A

Theorem 3: The right hand side of (28) is a convex
and strictly decreasing function of «qpi. Furthermore, the
following holds

hmoe% S ln{ g(w)2+a +g(w)] dw /OL = o0, (29)
lim 6% I, ln{ g9(w)?+o -H]("-’)] dw /Oé —1. (30)
A

Thus, v and «,),; are related through a bijective function.
Moreover, it follows from Theorems 2 and 3 that, for any
g satisfying Assumption 1, and for any v > 0, the global
minimizer of (27) exists and is unique’. In addition, these
results guarantee that o, can be easily found by solving (28),
via, for example, the bisection algorithm [25], or any other
convex optimization method [26].

We can now express f* and the minimum achievable
FWMSE, namely D*, in terms of g, v and «,,;. Indeed, com-
bining (28) and (25a) with (21) yields (after some algebraic
simplification), that

* A .
D= pdgine, PY)
1 T

/. (W - g(w)> 9(w)dw,

whilst the associated optimal feedback filter is characterized
via:

P =2 (Vo + e g} o1

Yw € [—m, 7], see (20). Note that applying (49b) (see the Ap-
pendix) to the above it follows that f*(w) < /v +1, Yw €

(31a)

91t g is almost constant, then aopt is not unique. Nevertheless, in this
case, the minimizer of D(f) is unique. (It is f(w) = 1, see the paragraph
immediately after (78) in the proof of Theorem 1 in the Appendix.)



[—7,7]. Thus, as expected, Constraint 2 is satisfied. Notice
also from (31b) that if |2, P| satisfies Assumption 1, then f*
satisfies the conditions of Lemma 1.

It can be seen from (31a) that D* is a monotonically
increasing function of . In view of Theorem 3, this
implies that, as expected, D* is monotonically decreasing with
increasing . As a consequence, the converse of Optimization
Problem 1, namely, finding the optimal filters and minimum
required SNR of Q for a given target distortion, can be solved
by using (28) and (31). Moreover, since the right hand side
of (31a) is a concave, monotonically increasing function of
Quopt, this parameter can be easily found by using standard
iterative algorithms, as in the original optimization problem.

It is also interesting to note that (28) and (31a), which relate
v and D* via the parameter o, have a structure akin to the
well known reverse water-filling equations (see, e.g., [27, pp.
108-123], and [28]). The latter characterize the rate-distortion
function for Gaussian sources.

To summarize, we have given an explicit analytic expression
for the optimal |1 — F'| and D, once a,,; has been determined.
Furthermore, we have shown that the parameter «,,; always
exists, is unique, and can be easily found using simple
numerical methods.

In the following sections, we will provide additional insight
into the consequences of these results, as well as into some
properties of optimal PRFQs,

V. PROPERTIES OF OPTIMAL PRFQ

In the sequel, we say that a PRFQ is optimal or optimized
if its filters A(z), B(z) satisfy (19) for negligibly small values
of £4 and e, and F(2) is such that |1 — F(e/¥)| = f*(w),
a.e. on [—m, 7|, with f* as defined by (24).

A. The Effect of the SNR of Q

It follows from Theorems 2 and 3 that, for any given 2, P
satisfying Assumption 1, f,, in (25a) describes the family of all
noise shaping characteristics that are optimal for some v > 0.

As we will show, adjusting « from 0 to oo (equivalently,
~ from oo to 0) allows one to undergo a smooth progression
from “full” noise-shaping to no noise-shaping, in an optimal
manner. An example of this progression is shown in Fig. 2.
Note in this figure how |1 — F'| (solid lines) approaches a unit
transfer function as «y (the quantizer SNR for which o = avgp¢
in the figure), becomes smaller (and a,,; gets larger). It can
also be observed that |1 — F'| approaches the inverse of |2, P|
as + is increased. Such asymptotic convergence does indeed
take place in general, as the following theorem shows:

Theorem 4: For any g = |Q, P| satisfying Assumption I,
the functions f.(w) defined in (25a) converge uniformly to

foolw) £1 (32)

as v — 0. Similarly, for any function g satisfying condition i)
in Assumption 1, the functions f,(w) defined in (25a) converge
uniformly to

fo(w) = [eﬁﬁ” lng(w)dw} [g(w)] ™! 33)

as vy — oQ. A
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Fig. 2: Progression of f,(w) (solid lines) for

a € {0.01,1,100}. In this example, Q,(z)P(z) =
2%-0.35492%—1.3132240.172324-0.5776
24-1.2232340.819222—-0.1962

Note that f., in (32) corresponds to the choice of no feedback
(F'(z) = 0), which reduces the PRFQ to a PCM converter. In
view of (30), this no-noise shaping scenario is asymptotically
optimal as v — 0. In turn, fy defined in (33) corresponds to
the full whitening feedback filters proposed in [1], [14], [15].
From (29) and (33), fy is optimal iff v — oo. See also the
discussion in Section VII.

B. Signal Spectra

1) The Output of the Quantizer: By looking at Fig. 1 and

using Assumption 3, we find that the PSD of {w(k)}rez in

an optimized PRFQ is given by S, (w) = |Qu(w)A(w)|* +
o2 f*(w)?, Yw € [—m,7]. Applying (18) to the latter result
yields
Sw(w) = f*(w) [HQQ(LU) + Uif*(w)] ,  Yw € [-m, 7).
(34)

Comparing (15) and (16), it is easy to see that o2 =

n

D(f)/||fBP|?. If B(z) satisfies (18), then we have 02 =
k2D(f)/{f,g). With the choice f = f*, and using (31)
and (28), we conclude that the variance of the quantization

noise in an optimized PRFQ is given by!'”

o2 = F0 [Copt | F? Ly [ e an —g(w)] d
T2 \Vy+1 2 '
(35

Substitution of this expression into (34) yields
Sw(w) = w [\/g(w)2 + Qopt —l—g(w)} , Yw € [-m, 7],
where (25a) has been used. Substitution of (49a) and (28)
into this expression leads to

Sul(w) = 1 (W) topt _ O+ Dao

2[\/ g(w)2 + aopt - g(w)] 2 (36)

10Note from (35) that if 02 is fixed, then the value of s is no longer
arbitrary. This ensures that (13) is satisfied.



which is independent of w. Therefore, under Assumptions 3
and 4, the output of the quantizer in an optimized PRFQ is
white. This suggests that near optimal coding of the quantizer
output can be achieved with a memory-less entropy coder.

2) The Frequency Weighted Reconstruction Error: The
PSD of the frequency weighted reconstruction error is given
by Sc(w) = o2 |f(w)B(e*)P(e*)|*, Vw € [~m,7]. Sub-
stitution of (18) into the above yields S, (w) = Z—Zlg(w) f(w).
Applying (35) to the latter we obtain

Se(w) = % (1 [g(w)? + qopt — g(w)) g(w), Yw e [-m ]

(37
Thus, we conclude that the frequency weighted quantization
error in an optimized PRFQ is not white. This fact stands in
stark contrast to the conclusions reached when the FQ filters
are optimized without the perfect reconstruction constraint (1),
see, e.g., [22]. It also differs from the result obtained when the
feedback filter is optimized ignoring fed back quantization
error, as in [14] and [15]. Note that, as v is made larger,
€ not only becomes smaller, but its PSD asymptotically

approaches!! a constant function over the frequencies {w :
|9, (e7*) P(e?)| > 0}.

VI. OVERSAMPLED FEEDBACK QUANTIZATION

It is well known that oversampling (i.e., sampling a band-
limited continuous-time signal at a frequency above its Nyquist
rate) allows one to achieve a smaller MSE error for a given,
fixed number of quantization levels. For instance, the MSE
of simple scalar quantization (without feedback) is known to
decrease as A~ !, see [29], where ) is the oversampling ratio,
given by

\ & Sampling Frequency
Nyquist Frequency

In turn, it has been shown in [4] that feedback quantizers can
attain an MSE that is O(A~2(m*1)) as A\ — oo, where m is the
order of the feedback filter (see also recent work in [20]). From
a rate-distortion viewpoint, the inversely polynomial error
decay of this error estimate is "too slow" to compensate for
the increase in the overall bit-rate due to oversampling (which
is proportional to ). To be more precise, let us consider a
scalar quantizer with N = 2° quantization levels, where b
denotes the quantization resolution in bits per sample. If the
additional bit-rate caused by oversampling was utilized instead
to increase NN, then the MSE would decay as O(272%%), ie.,
exponentially'?.

A faster decay of the MSE of oversampled FQ with A
can be achieved by selecting a different feedback filter (with
possibly different order) for each oversampling ratio. An
example of such a family (of 1-bit YA converters) was given
in [31]. Here, the continuous-time reconstruction error can be

Substitution ~ of  (49a) into  (37) yields  Se(w) =
Qopt ____ 20(w)  Tpys, Se(w) < aopt/4 for all w € [—m, 7],

1 V()2 +aopt +g(w)

and Se(w) — aopt /4 as aopt — 07", Vw such that g(w) > 0.

12Strictly speaking, this only holds for signals whose PDFs have finite
support. Indeed, it has been shown that for several infinite support PDFs, the
MSE of uniform quantization decreases asymptotically with b not faster than
(In2)2/% b2 2-2% where a > 0 is a constant independent of b, see [30].

uniformly bounded by A\=?1°8* where p > 0 is independent
of A. This bound guarantees an MSE that decays with \ as
O(\~2r1og ) which is faster than any inverse polynomial,
but still far from exponential. Based on this result, the family
of 1-bit XA converters reported in [32] achieve an MSE that
is O(270-14%) "je., exponentially decaying with increasing ).
Notably, the results in [31] and [32] were obtained using an
exact, deterministic model of quantization.

We will next show that, within the Linear Model, if the
optimal infinite order filters characterized in Section IV are
used for each value of A, then one can achieve an exponential
decay of D* with the oversampling ratio, provided -~y is kept
constant.

If the input sequence {x(k)}xcz is obtained from sampling
a band-limited analog signal, oversampling would cause g
(defined in (20)) to vary with A. To capture this effect, we
replace g by the family of functions g, defined as

gk(w)é{ﬁgw) i el <we,

. (38)
0 , if we < w| <.

In (38), g1 denotes the square root of the PSD of the frequency
weighted input without oversampling, and w, £ %~ Notice
that ||gy||?, that is, the total power of gy (in units of variance
per sample), remains constant for all A > 1. This ensures a
uniform comparison basis for the distortion figures.

We can now make explicit the dependence of D* on 7 and
A by writing

* A . _ . <f7 g/\>2
D*(K,\) = fglglilq D(f) = s T e (39)
g=gx
see (21), where
o2
K=~vy+1= —gj (40)
Un

corresponds to the output-SNR of Q. Interestingly, it is possible
to establish a precise “exchange” formula for K and .
Indeed, in terms of minimal achievable distortion, the effect
of increasing oversampling is equivalent to an exponential
increase in the output-SNR of Q. This is shown in the next
theorem:

Theorem 5: Under the Linear Model described in Sec-
tion II-B, for any function g1 (w), and for any K > 1, A > 1,
the minimum achievable FWMSE satisfies:

D*(K,\) = D*(K*,1). (41)

A
If we assume that + depends exponentially on the number
of bits per sample, then Theorem 5 suggests an FWMSE that
decays exponentially with A, provided the Linear Model holds
and that optimal filters A(z), B(z) and F(z) (characterized
by (18), (25a) and (28)) are employed for each A. The
following simple example illustrates this idea:

Example (Flat Weighted Input Spectrum) Consider an input
signal {x(k)}rez and a weighting filter P(z) such that |Q, P
is constant Yw € [—m, 7|, without oversampling. For this
setup, the optimal F(z) for our model of PRFQ is F(z) =0



(f(w) = 1), i.e, a PCM converter. From (21), the minimum
FWMSE without oversampling (i.e., with A\ = 1) becomes
2 2

g g
D*(K.1) = P _ zP
(K1) v K-1

where Ug%p 2 ||Q.P||%. To analyze oversampling behaviour of
D* in this case, we apply Theog’em 5 to the above expression.
This gives that D* (K, \) = —¢L

e and, thus,

o2
otpK N < DMK, < (1_;§_1
for all X > 1. Note that, to achieve (42), F(z) needs to be
synthesized according to (31b) and (20). Therefore, for this
example, the MSE of an optimized PRFQ with fixed ~y exhibits
an exponential decay with the oversampling ratio (since, by
definition, K > 1).

If we further assume K to depend on the number of bits
per sample b as K = %221’ + 1 (which would correspond to
Q being a uniform quantizer with many levels and operating
with a loading factor of 4), then (42) becomes

) K™ (42

o2, 9~ lloga(f5+27 ") +28]x o
D*(K,\) < (133;71) o—llogs (42 )pa)n (D)

The term log, (5 +272") in (43) is negative for all b > 1. This
implies that the decrease of D* with )\, although exponential,
is slower than 2~2°). Thus, the use of oversampling in this
case is rate-distortion inefficient. In particular, taking b = 1,
and supposing that Assumptions 3 and 4 hold, we obtain
Sfrom (43) that D*(K,\) is lower and upper bounded by
terms proportional to 287X For loading factor values of
6, 10 and 20, the exponent in the latter expression changes to
—0.41)\, —0.1635) and —0.0426 ), respectively. A

The next theorem shows that the exponential decay of the
FWMSE obtained in the example above can be extended to
arbitrary (band-limited) input signals and frequency weighting
criteria.

Theorem 6: For any K > 1 and function g1(w) satisfying
Assumption 1, the following holds:

K2Oéopt(K, 1)

DK = =)

K™, VK >1,VA>1, (44
where o, (K, 1) denotes the optimal « for A = 1. A

Thus, under the Linear Model, we have that the FWMSE
of an optimized PRFQ decays exponentially with A.

Remark 1: We recall that Theorem 6 is exact within the
Linear Model described in Section II-B. Here it is convenient
to present some further observations regarding the validity of
that model when the oversampling ratio tends to infinity, for
different implementations of a PRFQ.

1) As already mentioned in Section II-B, if x is bounded
and a sufficiently large number of quantization levels
to avoid overload is used together with dither, then
the Linear Model is exact. Nevertheless, there is no
guarantee that the number of necessary quantization
levels to avoid overload remains constant as A increases.
If such number increases with A, then + can only be kept

constant by increasing the number of quantization levels
in the quantizer.

2) If the number of quantization levels is insufficient to
avoid clipping/overload errors, and if dither and clipping
are used with a fixed loading factor, then there exists a
certain finite value of A beyond which Assumption 2
is violated. This arises from the fact that, for any
fixed loading factor, the effect of clipping errors in the
output does not decay with A, thus becoming the dom-
inant component in the FWMSE for sufficiently high
oversampling ratios. Further reduction of the FWMSE
would then require one to balance clipping and granular
quantization errors by increasing the loading factor. If
the number of quantization levels is fixed, this would
necessarily reduce the value of +, clearly increasing the
component of the FWMSE due to granular quantization
errors'3. Nevertheless, if clipping and dither are used
(with s = V), then the Linear Model and Theorem 6
is exact in describing the FWMSE due to granular
quantization errors. A

VII. THE IMPORTANCE OF TAKING ACCOUNT OF FED
BACK QUANTIZATION NOISE

If one tried to optimize the filters of a PRFQ neglect-
ing fed back quantization noise, i.e., by trying to minimize
”AQIHzH(i_F)BPHQ (compare to (16)), then one would obtain
a (sub optimal) feedback filter, namely Fg(z), which satisfies

11— Fo| = nop [P, (452)

where

Nep A eﬁffw ln|QI(e-7“’)|P(ej“’)dw7 (45b)

provided |Q,P| > 0, Yw € [—7, 7] (see (87) in the proof of
Theorem 1). This corresponds to the result obtained in [14],
which was restricted to the cases where v > || Fp||?. For
the case §2,(e’) = 1, the noise transfer function magnitude
|1 — Fy(2)] is also equivalent to that derived in [15]. The latter
is optimal in the sense of minimizing the ratio o2 /o2, but not
in the sense of minimizing o2 for a fixed quantizer SNR 7.

As shown in Theorem 4, f*, in general, does approach
fo = |1 = Fy| as v — oo. One can then expect Fy to
be near optimal in situations where v > | Fo|?, see (16).
The latter is often satisfied at high bit-rates (i.e., when many
quantization levels are available). However, for any given
number of quantization levels, it is easy to find practical
situations where €, P is such that ||Fp||? is comparable to
(or greater than) . More precisely, from (22), and recalling
that ||[F — 1||*> = ||F||* + 1 (see Appendix B), one can show
that, if |2, P| < m over a set of frequencies in [—m, 7] with
measure [', where m is some positive scalar, then

r/m
IR > (22) 7 -1 (46)

13 As an extension of the results presented in this section, the authors have
recently derived an asymptotic decay rate of the FWMSE with A that includes
the effect of clipping errors. For Gaussian inputs, this asymptotic decay rate
is faster than any inverse polynomial. These results are beyond the scope of
the current paper.



This means that a large ||Fyl||? is obtained for any product
Q. P whose magnitude becomes significantly small (in relative
terms) over certain frequency bands. (An example is included
in Section VIII below.) A direct consequence is that, for
these cases, and in view of (16), trying to match |1 — F| to
Nep |Q P |_1 will yield a performance far from optimal, also
increasing the risk of incurring large limit-cycle oscillations if
no clipping is employed (see, e.g., [2], [13]).

The (possibly unbounded) increase of ||F||? as |1 — F|
approaches 7, p \Q.J,CP|_1 was already observed in [12]. Sev-
eral heuristic solutions have been proposed since then (see,
e.g., [2], [31, [13], [15], [17], [18]). In contrast to these
approaches, the method derived in the present work allows one
to characterize the true optimal filters, by explicitly taking into
account || F||? in the cost functional to be minimized (see (16)).
Our method not only guarantees that || F'||? < -, but also yields
the actual optimal filters. Our proposal also has the advantage
of being applicable to arbitrary input spectra and frequency
weighting functions, regardless of how small the quantizer
SNR ~ may be, within the scope of validity of the Linear
Model.

VIII. SIMULATION STUDY

To illustrate our results, we have designed the filters of a
PRFQ aimed at digitally encoding audio signals in a psycho-
acoustically optimal manner. The details of the simulation
model, as well as the results of both the simulations and the
numerical optimizations are given below.

A. Simulation Setup

The PSD of audio signals was modeled as unit-variance
zero mean white Gaussian noise filtered through Q,(z) =

2z40.6773
0.09315 ( 86713

of Q.(z) is depicted in Fig. 3 (solid line). The frequency
weighting filter P(z) considered had a frequency response
magnitude which approximated the psycho-acoustic curve
derived in [3, Table 1], thus modeling the sensitivity of human
hearing to noise'*. The corresponding frequency response is
plotted with dotted line in Fig. 3 (the sampling frequency is
44.1 [kHz]). The resulting g = |2, P| for these 2, and P(z)
is also shown in the same figure (dashed line). For this choice
of g, and in view of (46), one could expect the norm of a full
whitening feedback filter to be very large. This is indeed the
case: || Fo||? = 2.2x 10!, Thus, the sub-optimal feedback filter
characterized by (45) requires the use of a scalar quantizer with
at least 18 bits in order to become feasible (see Constraint 2).

In the simulations, @ was chosen to be a uniform mid-rise
quantizer with quantization interval A = 1. Several values
of v were considered for the simulations, calculated as v =
ﬁ?b, where b € {1,2,...,16} and where O.F. £ %
denotes the loading factor. Two different loading factors were
considered: 4 and 6. The latter choice yields a slightly lower ~y
than the usual loading factor of 4. However, this regime has the
benefit of making overload errors smaller and more infrequent.

). The magnitude of the frequency response

4The coefficients of P(z) can be found at http://msderpich.no-
ip.org/research
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Fig. 3: Frequency response magnitudes for €2, (z) (solid line),
P(z) (dotted line) and g(w) = |Q2,(e?*)P(e?)| (dashed line).

As the simulation results will show, for our choices of €2, and
P, this more conservative loading factor yields lower overall
distortion when b takes values above 6 bits per sample.

For each b (and corresponding two values for v, one for
each loading factor), the filters of the converter were designed
according to the following:

1) The parameter v, was calculated by numerically solv-
ing (28).

2) The optimal |1 — F|, |A| and |B| were obtained
via (31b) and (18).

3) These functions were then approximated'> with rational
IIR transfer functions A(z), B(z) (of order 7) and F'(z)
(of order 15).

4) An appropriate value for the parameter x in (18) was

chosen via k? = 202 fpt , see (35), assuming 02 =

1/12 (recall that A = 1 for all the simulations). This

ensures that 02 = o2,

For each combination of b and O.F., the resulting PRFQ
converter was simulated utilizing two different architectures.

1) Non Overloading Q: This scheme is as depicted in
Fig. 1, with Q having (virtually) infinitely many levels.
Thus |n(k)| < £ for all k (neither clipping nor overload
errors occur).

2) Overloading Q and Clipped n: Here, Q has N = 2°
levels, which yields a scalar quantizer with a finite input
dynamic range [—N %,N %] As a consequence, any
value [v(k)| > N% would overload Q (if s = o0)
or produce clipping error (if s = V). To avoid large
limit-cycle oscillations, this variant was simulated using
clipping (i.e., s =V).

Each simulation with the non-overloading PRFQ comprised
100, 000 samples. For the overloading converter, five 100, 000
samples simulations were performed for each combination of
O.F. and b.

I5The optimization routines utilized are based upon the Matlab optimization
toolbox and can be found at http://msderpich.no-ip.org/research.



B. Results

The results of the numerical optimizations and the simula-
tions are discussed next.

1) Comparison between D* and the Rate-Distortion Func-
tion: The information theoretic lower bound (see [28]) for
the FWMSE associated with the given source {z(k)},cz and
filter P(z) is plotted in Fig. 4 (solid line). This corresponds
to Shannon’s quadratic Distortion-Rate function D(R) when
R = b. As the bit-rate is increased, the gap between D*
and this absolute lower bound decreases to approx 7.5 [dB]
for O.F. = 4 and 11 [dB] for O.F. = 6, at b = 16. This
difference can be attributed to the rate-distortion inefficiency
of the uniform scalar quantizer”’. On the other hand, the larger
performance gap observed at lower bit-rates can be attributed
to the perfect reconstruction constraint.'” Recall that, at low
bit rates, the achievement of Shannon’s rate-distortion function
demands the suppression of relatively less significant bands
of the PSD of the input signal (see, e.g., [27], and [28]). This
linear distortion, which a PRFQ cannot achieve, is more severe
at lower bit-rates. Thus, the performance gap increases as b is
reduced.

2) Non Overloading Q: The FWMSE of this converter
variant is presented in four of the plots in Fig. 4, with labels
beginning with “oZ opt. PRFQ, Non Overloading”. These
differ in the loading factor, and in the meaning of b in each
case. For the plots whose labels do not have the ending
“E.C.” (entropy coding), b is simply the number utilized to
generate the value v = ﬁﬂb for which the filters were
optimized. The plots whose fabels end in “E.C.” correspond
to the same simulations, but for each point the value of b is
the scalar entropy of the quantized output of the converter. It
can be seen in Fig. 4 that the FWMSE obtained for the non
overloading Q without entropy coding is remarkably close to
the theoretical value D* predicted by (31a). More importantly,
even for bit-rates as small as b = 2, each observed ratio 02 /02
deviates from its nominal value of ~ by less than 2%. (For
the extreme situation b = 1, the observed o2 was slightly
lower than predicted, while o2 was 55% higher than 1/12
due to the highly non-uniform PDF of the resulting sequence
{n(k)}rez.) It can also be seen that the scalar entropy of the
quantized output of the PRFQ in these cases is very close to
Shannon’s R(D) function for a given distortion. This agrees
with the observation that the output of Q in an optimized
PRFQ is white, see the comment at the end of Section V-B.1.
The difference between these quantities is bigger for lower
values of b, for the same reason discussed in Section VIII-B.1
above.

3) Overloading Q: For the overloading PRFQ using an
O.F. of 4, the FWMSE diminished along with the corre-
sponding D* for b € {1,...,6}. However, the measured

1%From Shannon’s Rate-Distortion function for memoryless Gaussian
sources, the maximum SNR for a bit-rate b is 22°. The SNR (neglecting
overload errors) for a uniform scalar quantizer with loading factor O.F. is
given by @%ZZb. Thus, the theoretical performance gaps for O.F. = 4
and 6 are 10log;((3/16) = 7.3 [dB] and 10log;,(3/36) = 10.8 [dB],
respectively.

"The quadratic Gaussian rate-distortion function with the constraint that
the end-to-end distortion is uncorrelated to the source has recently been
characterized in [33].

FWMSE varied very little for b > 7, staying several dB
higher than D* over that range of bit-rates. This performance
degradation can be attributed to clipping errors. The fact that
overload errors become noticeable only for high bit rates
(many quantization levels) might seem, at first, surprising.
However, this phenomenon can be easily explained by noting
that the size of the tails of the PDF of {v(k)}iez that
fall outside the dynamic range of Q remains approximately
constant in relation to NA = 2YA for all b. (This is a direct
consequence of the loading factor rule.) In contrast, granular
(non-overloading) quantization error is proportional to A2
(which is held constant in the simulations). Therefore, the
ratio between clipping and granular quantization errors grows
approximately as 2° and clipping errors become dominant for
sufficiently high bit-rates.

Because of the reduced occurrence (and magnitude) of
clipping errors, the optimized PRFQ with overloading O
and O.F. = 6 exhibits an FWMSE smaller than that of
its counterpart with O.F. = 4 for b > 7. Furthermore,
this more conservative loading factor allows the converter
to perform almost exactly as predicted by our analytical
expression for D* .18

4) Comparison with PCM: The theoretical FWMSE of
a PCM A/D converter, denoted by Dpcps, can be found
from (16) by making A(z) = B(z) = 1 and F = 0, which
gives Dponr = ||Q4%|P||?/y. For the chosen input PSD
and frequency weighting filter, and calculating ~y as 1—36225, the
value of Dpc s varies with b as shown in Fig. 4 (dotted line).
As seen in this figure, the gap between D* and Dpcyy, for
each value of O.F., gets smaller as the bit-rate decreases. This
agrees with the fact that the optimal PRFQ approaches a PCM
converter as v — 0, see Section V-A. It can also be seen in
Fig 4 that the optimized PRFQ with overloading and O.F. = 6
exhibits an improvement of 32 [dB] over PCM at b = 16.
Equivalently, in order to obtain the same FWMSE as that of
PCM at 16 bits, the PRFQ converter with O.F. = 6 requires
less than 12 bits. At lower bit-rates, the improvement of the
optimal PRFQ over PCM is also significant. For example, the
overloading PRFQ with O.F. = 4 and b = 2 has a lower
FWMSE than the PCM converter with b = 4, thus achieving
a data rate compression of 50% (see Fig. 4).

IX. CONCLUSIONS

This paper has studied perfect reconstruction feedback
quantizers based on an additive white noise model for quanti-
zation errors. We have derived results that relate the minimum
frequency weighted MSE and the signal-to-noise ratio of the
scalar quantizer embedded in the converter. We have also
provided closed form expressions for the optimal frequency
responses of the filters in the converter and have derived
several properties of optimal PRFQs. In particular, we have
shown that the optimal frequency response magnitudes of the
filters are unique, that the frequency weighted errors of an
optimal PRFQ are non white, and that consecutive samples of

8There exist several results on the optimal balance between overload and
granular error variances for stand-alone scalar quantizers (see, e.g., [30] and
the references therein). However, for feedback quantizers the question seems
to be open.
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Fig. 4: Frequency weighted MSE for b € {1,...

the output sequence of the scalar quantizer are uncorrelated.
We have also shown that, within our model, the frequency
weighted MSE of an optimal, oversampled PRFQ, decreases
exponentially with oversampling ratio.

APPENDIX
A. Preliminary Results

The following preliminary results are necessary to prove
the theorems stated in the previous sections. We begin by
introducing the following definition:

Definition 2 (Similarly/Oppositely Functionally Related):

We say that two functions ¢,v : [a,b] — R are similarly
functionally related iff there exists a monotonically increasing
function G(-) such that ¢(x) = G(¢(x)), for all x € [a,b],
and write ¢ 11 . Similarly, if there exists a monotonically
decreasing function G(-) such that ¢(x) = G(y(x)), for all
x € [a,b], we say that ¢ and 1 are oppositely functionally
related, and write ¢ 1| . A

Theorem 7: ' If ¢,4 : [a,b] — R are similarly function-
ally related, then

- [ " b)) > / ' p(a)de / Dy, @)

19This theorem is related to the variant of Tchebyshev’s Integral Inequality
given in [34, Theorem 236]. It departs from the latter in that the integrands
must be functionally dependent, which allows us to state necessary and
sufficient conditions for equality.
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If ¢ and ) are oppositely functionally related, then the in-
equality in (47) is reversed. In either case, equality is achieved
iff ¥ (and therefore ¢) is almost constant. A

Proof: We will examine the difference between the right
and left hand side in (47). We obtain

/ab P(x)Y(x)dr — 1/)/; p(z)dr = /ab o(x) [¥(z) — ] da,

where ¢ £ ;1 [”y(x)dz. Note that we have divided both
sides by b—a. Suppose ¢ 11 ¥. (The proof for ¢ 7| 1 proceeds
in a similar way.) Then there exists a monotonically increasing
function G(-) such that ¢ = G(¢), and a value ¢ such that
B(z) > do = ¥(z) > P and §(z) < do = H(x) < .

It then follows that
/ﬂb ¢(x) [Y(@) — ] de > /ab ¢o [Y(x) — ¢ ] dz =0,
with equality iff
/w _[b(e) Tl =0= /w v Dl

i.e., iff ¢ (and therefore ¢ as well) is almost constant. |
Proposition 2: Define

p(w) £ r(w) — g(w) (48a)
q(w) £ r(w) + g(w) (48b)
r(w) £ Vgw)2+a, (48¢)



witha > 0and g € L', g : [—7, 7] — R{. Then, the following

results hold:

o
pw) = @)’ (49a)

p(w)? < a, Yw € [, 7], (49b)

plw) < %, VYw € [—m, 7). (49¢)

3= [ In(g(w))dw <ln<\/ +a +g) (49d)

where G £ % ffﬂ g(w)dw. Equality in (49b) is obtained iff
w is such that g(w) = 0.

Proof: (49a), (49b) and (49c¢) follow directly by algebraic
manipulation. In order to show (49d), we define the functions

Q(z) = W(z) £ ln( (),

where a > 0 and = > 0. We have that 2 ( ) = —x(x? +

a)~3/?2 < 0, and thus W (z) is a concave funct10n. Then,
applying Jensen’s inequality, we obtain - ln( (w))dw =
=" W(g(w))dw < W(%ffﬂg(w) , which leads di-
rectly to (49d).

Proposition 3: Define f,(w) as in (25a), with g satisfying
Assumption 1. Then, if 3¢ € Ny such that g(w) is O(w — ()
as w — (, the following holds:

22+ +x; (50)

lim+ | fall? = .

Proof: The interval [—m, | can be partitioned into two
disjoint sets H £ {w : g(w) >0} and Z £ {w : g(w) < 6} by
utilizing an arbitrary "threshold" § > 0. Then, substituting (48)
into (25a), we obtain

Hf ”2 _ i pr(w)Zdw + i f’H p(w)zdw
« o 5 [Inp(w)?dw 5= [Inp(w)2dw (51)
e e ™
Using (49b) and (49c), we have that
Va' > p(w), Yw € I; 2—5>p( w), Yw € H. (52)
Substituting of (52) into (51) we obtain
1
37 J p(w)?dw e
1ol 2 —EF——r = [ = ] ] s
o 2n %) ™ o 2n

where |H| and |Z| denote the Lebesgue measures of H and Z,
respectively.

We will next show the divergence of the last expression on
the right hand side of (53) as o — O7. For this purpose, we
consider two scenarios, characterized by |J\fg|, the Lebesgue
measure of N.

e Case i): |Ny| > 0. Since p(w)? = o, Yw € N, and

N, C T for any 6 > 0, we can obtain from (53) that

) 5 | H] f ( )de
Il z[@;ﬂ HN‘;;H ]
_ [(25)’1] {Na] _ [(25)’4‘] Nl
21 a'gf,‘+l 2m 05%,

which clearly tends to co as o — 0%,

o Case ii): [Ny| = 0. The conditions of the proposition
ensure the existence of scalars € > 0, L < oo such that
g(w) < L|w — (|, if [w— (| < e. This implies that for
any ¢ > 0 there exists u € (0,¢) such that [(,(+p] CZ
and g(w) < L|w—{|, Yw € [¢,( + u]. Applying this
result, and noting that p 7| g, we have

o> /< )

m
>I(a)é/( L222 + o — La)?dx
0

= po+ = [L3,u3 + a3/2} — = [P+ a]g/z.
After substituting the above inequality into the right hand
side of (53), choosing § > 0 small enough so as to

ensure®® |H| > 7, it is easy to verify that

7]
20)= | I
lim_[|fa]* > lim [( ) ] u(f‘l) =
a—0t —0+ 27 az 1
This completes the proof. |

B. Proof of Proposition 1

From the fact that F'(z) is stable and strictly causal, we have
that ||[F'||> = ||1 — F'||?> — 1. Therefore, the denominators of the
right hand side terms of (16) and (17) are equal. Denote the
numerator of the right side term of (16) as N = ||, A||?||(1—
F)PB]?. Applying Cauchy-Schwartz inequality we get

N > (Al |(1-F)PB|)®

(54)
= (|9 P||AB|,[1-F])* =

([Q:P], 1-F)?,
where the last equality in (54) follows from (1). Sub-
stituting the last term on the right hand side of (54)
into (16) yields (17), which is obtained iff equality holds
in (54). In turn, equality in (54) is achieved iff |Q,A| =
k?|(1— F)PB|, ae.on [-m, 7], for arbitrary x? € RT.
This equation, when combined with (1) and (2), leads directly
to (18).

In order to prove the second part of the proposition, we
note that for any €4,ep > 0, the functions A[s],B[E] € 12
and Al¥l(w), B¥l(w) > 0, Yw € [—7, 7). As a consequence,
one can always find causal, rational and stable filters A(z)
and B(z) satisfying (19). Secondly, the difference between
02 p and o2 when |A(e?*)| and |B(e?*)| satisfy (19) is
given by

) Nlel —

2 171f
Oc = Ocinf|lF =

— (55)
v = 1F

where Nl 2 |0, Al P(1 —
192 Aing |?[1P(L — F)Bing |12

ea(e’) 2 All(w

ep(e’) £ BlEl(w

F)BE|? and N;,; 2
. Defining

) = |Aing ()],

) = |Bing(e™)]

lI>

20This is always possible since |Ny| = 0.



and f(w) as in (20), we can write
N — Ny
= 1% (|Ainsl +€a)I* I FP (1Bing| + em)]*
— 192 Ain 71| £ PBin |
= 120 Aing |2 (Ilf Pl + 2P £ |Bing e5))
+ 1 PBung 2 (1 20eal? + 20920 | Ay ea))
= N2 [P esl? + 100eal? + 20PF £ |Bing] )
+ 21 [ Aing €4)] -
Each of the terms above can be upper bounded as follows

(a) )
IfPes|? < / P()| f(w)edw

€A

+/ [P)[* £()? [Bins (&) do

B

(b) . .
<SP+ [P0 e

€B

()
< €4l PI? + 5107/

2(d) w2 2
Iueal? < [ |2u(e)| hdw

€B

+/ |92, ()| | Ains ()] dw
Z

€A

(e) . .
I+ [ 10| [P flw)ds

€A

(f)
< eBl1Qu* + Al F PR
2
<|P| f(o‘))2 |Binf|veB>

E / [P F(@)? [Bing ()] eado
I.,

M )
< eallfPl*.

() 9 )
192 | Ains ] ea) < / 10, ()] | Ain s (7°)| e
B
)
2 3 10,2

In the above, (a) follows from the fact that

lep(e’)| < ea,Vw eI, and  (56a)
— |Bins(e)| < ep(e’*) < 0,Vw € Z.,. (56b)
(b) follows from the fact that
[P [1 = F(&) [ | Bing (&)
— |2.(&)|* | Aing ()] (57)

- |P(ej“’)‘ ‘QI(ej“’)| ’1 — F(el¥)

Yw € [—m, 7], see (18), and from Z., C [—,n|. Inequality
(c) follows from the fact that

|Qm(ejw)| < 4 K? |P(ej‘”)| flw), Ywel.,; (58a)
|P(e’)| < ek |Qu(e’)] f(w)™', Vw € Z,, (58b)

)

which is readily obtained from (18) and (19). Inequality (d)
follows from

and (59a)

(59b)

€B)

— |Ains ()| < ea(e) < 0,Vw € I.,.

Inequality (e) is due to (57) and to the fact that 7., C
[—7, 7]. Inequality (f) stems from (58). Inequality (g) follows
from (56), while (h) follows from the fact that | By, s (/)| <
€4, Yw € Z.,. Inequality (¢) stems from (59), while (j)
follows from the fact that ]Amf(ejw)’ < ep, Yw € I.,.

Therefore,
N — N g
1/2 _
< N2+ )PP + 3+ 5219023

K2

|€A(ejw)| <ep,Vw € T,

which completes the proof. [ |

C. Proof of Lemma 1

Define the partition —7 = wy < wy < --- < w, = 7, where
{w; f;ll correspond to the discontinuity points (if any) of f.
Since f is piece-wise differentiable, its first derivative over all
open intervals (w;,w;y1), @ € {0,...,p — 1} is bounded by
a constant 0 < S < oo. For each m > S, we define the set

Rm, consisting of all continuous functions h : [—m, 7] — RT
satisfying
1 ™
%/7” log h(w)dw = 0, (60a)
fmin S h(w) S fmaa:> VYw € [_77’77-]7 and (60b)
d
%h(w) <m, Yw € [-m,7]. (60c)
For each m, the function
2 arg min ||f — . I
hn = arg min ||f — A (61)

is the element in R,, “closest” to f. From (23b), and from
the fact that f is piece-wise differentiable, it follows that for
every g9 > 0, there exists a bounded 7" > S such that

If = bl < e0, ¥Ym>T. (62)

(Indeed, it is easy to obtain the bound ||f(w) — hp(w)]| <
(fmaz — fmin)?p/m). Notice that if f had no discontinuity
points and if m > S, then h,, = f (see (60c)), yielding

Since h,,(w) is continuous and piece-wise differentiable,
its Fourier series converges uniformly over [—, 7]. Thus, for
every €1 > 0, there exists an N-th order (where N < oo is
odd and depends on €1) rational transfer function Hy (z) (the
Z-transform of the coefficients of the %-th partial sum of
the Fourier series of f) such that

‘hm(w)—HN(ej‘”)‘ <e1, Vw € [—m, 7. (63)
Hpy (%) can be written as Hy(z) = G122~ =N Hiil(z - ),
where G € R. Thus, the transfer function

N

G N_1 i w2z —1
() 2 g7 T o ()

E 2 =G

i=1

|Ci|>’1



is clearly biproper, stable, minimum-phase and such that
|Hj (e7*)| = |Hn(e’?)|, Yw € [—m, 7], with the first value
of its impulse response being

x = lim Hy(z) > 0.

Z— 00

Define Hy(z) £ T H)y(2), so that lim, o Hy(z) =1 and

~ . 1 .
‘HN(eﬂw)‘ - ;]HN(eJ“’) . Vwel-mal. (64
With the choice F(z) = 1 — Hy(z), we have
1 =10 = Flll = £ = 1| <106 = Bl + ([ = 1L
§50+51+Hhmf|ﬁN\H (65)

We now proceed to upper bound the last term in the above
inequality. From (63) and (64), we have that
o = Vel < W = 1211+ [ 12] = 1

Ix — 1

I1H N
(66)

1
<81+‘1—X\|HN||=61+

From Jensen’s formula (see, e.g., [23]), and since Hj (z) is
stable and minimum phase, we obtain
log | Hyy (/)] dw. (67)

1 1
ogx = —
EX =5

T

Recalling from (60a) and (61) that 5—["_log hy, (w)dw = 0,

we can write (67) as

1 i ’HN(ej“’)’
logx = o » log (hm(w) dw

(el

2 |HN(eJ'°J)| _

(63)

where e(w) hum(w). From (63), we have that

- |HN(ej“’)|| < Jhm(w) fHN(ej‘”)| <e.

Thus, choosing €1 < fmin, the last integral in (68) can be
upper and lower bounded as

() < e (2

fmin
fmin +€1)
fmin

It then follows from (68) that

1-— <x<1l+ — |x—1| <
fmzn fnnn | | fmZ'I’L
Substituting the latter into (66), we obtain
[ = V| < 214
771172 (69)
§51+f — ||f||+50+51)

where the last inequality stems from (62) and (63). Substitu-
tion of (69) into (65) yields

If—N—-Fll<eo+er+ 77— (||fH+€o+€1)

fmzn -
(70)

Since ||f|| is bounded, and from (23b), it follows from (70)
that for any € > 0, one can always choose sufficiently large
(bounded) values for T (see (62)) and N (see (63)) so that
€0 and ¢ are small enough to yield ||f — |1 — F|| < e. This
completes the proof. [ ]

D. Proof of Theorem 1

Denote the squared norm of f* (see (24)) via cop = || f*
and define the set of all the f € Co having the same norm as
f*by M., , £{f €Co:||f||> = copt} Define

12,

Copt

Boé{fecgz/w ln(f(w))dw:O}CCQ.

—T

(71)

It is easy to show?! that f* must belong to By. From this,
and since {By N M., } C {C2NCi}, it follows that f* =
argmingeg,nam,,,, D(f). Minimization of D(f) subject to

f € BoNMe,,,, can be stated as the following problem?:
minimize : Jne [ @@, @
subject to : i) M(f) & ! f(W)2dw = copt,  (73)

i) H(f) & / C(f@)de=0. 49

The problem described by (72)-(74) falls within the category
of isoperimetrical problems, well known in variational calcu-
lus (see, e.g., [35] and [36] ). The standard solution of these
problems is based upon the fact that any f that extremizes .J
(see (72)) needs to satisfy

0
a—fL(f(w)) =0, Ywé€|[-mm], (75)
where the Lagrangian L(f(w)), in our case, is given by
L(f(w)) £ fw)g(w) + M f(@)* + Ao In(f(w))  (76)

and A\; and Ao are the Lagrange multipliers, to be found
by enforcing (75) and the constraints (74). Substitution
of (76) into (75) yields g(w) + 2X\1f(w) + Xaf(w)~ ! =
0, ae. on [—m,], or, equivalently,

foy = PV —gw) it o
= if A =0
9(w) » AL
a.e. on [—m, 7], where the scalars
1
a® 8\, £ Y (78)

219f £* was such that == 5 f In f(w)dw = ¥ > 0, then f' = fe=¥ € By
would clearly yield a smaller D in (21), thus contradicting the optimality of

22 As will become evident in the derivation, the additional constraint
f(w) > 0, Vw € [—7, 7], imposed by the definition of f (see (20)) turns
out to be non-binding.



are such that the constraints in (74) are met.

We note that for the trivial case in which g is almost constant
(see Definition 1), f* is also almost constant. Applying this to
constraint i) in (74) yields that, for this case, f* is such that
f(w) = 1. Thus, the remainder of the proof addresses only
the cases in which g is not almost constant.

In order to find f*, we will next discard the possible
solutions of (77) which do not correspond to global minimizers
of D(f) in C2 N Cy. The unique remaining function, which is
obtained with o > 0 and 8 > 0 in (77), will characterize the
solution of Optimization Problem 2.

The Case N1 # 0: Fore this case, substitution of (77)
into (74) yields that 3 needs to satisfy

Iﬁl—eXp( /ln‘iﬁ— )‘dw>7(79)

so that 3 can be obtained explicitly from «. Note that « can
not be zero in the above expression, otherwise 5 would be
undefined. From this, the feasible? sign combinations for «,
the + sign before the square root, and (3 in (77) are:

a)ﬂ<07 _\/1701#0;

b) 8 <0, +/, a<0;

) 3>0,+/,a>0.
We will next show that only option c) characterizes the
optimum.

Discarding Option a): We show next that any solution
obtained by applying option a) in (77), say f,, yields a
greater FWMSE than the choice f(w) = 1. In relation to the
numerator on the right hand side of (21), we have:

gy — BT VI a4 gl)
w9 62; " (Vg ()P a +(w)de
@ 542 (mw(w)) g<w>dw
1

> = (80)
5=/ V w)+a +g(w
® =" VW) +a +g(w)dws- g(w)dw

ﬂﬁmv *ta+gw

iigwm:@m

Inequality (a) above stems from Jensen’s inequality. Inequality
(b) follows by applying Theorem 7 to the numerator of (80),
together with (48) and the fact that \/g(w)? + o 17 g(w)
Both inequalities are strict since g is not almost constant (see
Theorem 7 and Definition 1).

On the other hand ||f,||> > ||1||* = 1. From the above, it
follows that V' (f,) > V(1) (see (21)), discarding, for all non
A.E. flat g, the global optimality of the solutions associated
to Option a).

Discarding Option b): The candidate solutions are now
characterized by options b) and c¢) only. Applying (49a) to (77)
and (79), these solutions take the form

falw) 2 (o)
N ELETE

23 There exist other four sign combinations, which yield f(w) < 0, Vw €
[—7, 7], i.e., inadmissible solutions.

(81)

where 0(«) is as defined in (25b), with & € [min, 0)U
and o > aunin, Where

(0,00)

min_ g(w)*.

min
we[—m,7]

We will discard the optimality of option b) by showing that, if
@ € [Qmin,0), then D(fo) > D(fo), if ||fo*> < K, or else
|| fll> > K, where K and f, are as defined in (40) and (87),
respectively. For this purpose, define the function

. () [T
:Mmozwm%>§r/ !

—T

C(a) (W) dw,  (82)

with ¢(w) as defined in (48). Differentiation of C(«) yields

ac
da
~ O(w)? 1 /Tr dw ] dw /7T dw
Co2n |21 ) gqw)rw) ) g(w)? q(w)Pr(w) |’
(83)
where r(w) = v/g(w)? + a (see (48)). Application of Theo-
rem 7 to (83) yields
% <0, Ya € [min, 00), (84)

with equality iff g is almost constant. In turn, option b) is
feasible iff i, < 0, ie., only if min,ej_r g(w)? > 0.
We then have from (81) that f, — fo uniformly as @ — 0.
Thus

Jim 0o

= Co 2 | foll™ (85)

Combining this result with (84), and considering g to be non
almost constant, we obtain

C(a) > C,

If ||fol|> < K, then (85) and (86), combined with the fact

that (fo,9) = mingeg,ne, (f,9), yield V(fo) = g

K—-C(a)
Lo9” — V(fy), for all @ € (amin,0). Thus, if [|fol|2 <

K, then option b) is not globally optimal. If, on the other
hand, ||fo]|> > K, then (86) implies that ||f.||? > K for all
a € (Qmin,0). In this case, sign combination b) would be
infeasible. It thus follows that sign combination b) cannot be
globally optimal.

The Case A1 = 0. For the case A\; = 0, substitution of (77)
into constraint ii) in (74) yields

folw) & 2 (= fg—(ﬂwl)ng(x)dx)

Vo € (Qmin, 0). (86)

, a.e.on [—m, 7]

(87)
Notice that fo = |1 — Fp|, i.e., the optimal noise shaping
frequency response magnitude in the absence of fed back
quantization noise (recall (45)). This is not surprising, since

flw) =

taking A\; = 0 amounts to removing constraint i) (which
restricts the power gain of fed back quantization noise, see
Fig. 1).

We will discard this option and its associated solution f; by
showing that f is either infeasible or that there exists o > 0
such that D(f,) < D(fo).



If g did satisfy the second condition of Assumption 1, then it
is easy to show that fy and D(f;) would not be well defined?*.
Else, if g satisfies the first condition of Assumption 1, we have
g(w) > 0 for all w € [—m, «]. This implies that f, converges
uniformly to fy as o — 0T, and thus

lim D(7.) = D). 89
Recall that D(f,) = ®(«a), see (27), and write
N(a)?
P(a) = K—Cla) a € (ae,00), where  (89)
A 0 "
N(a) = (fas9) = %)/ ZEZJ’;dw (90)

and C(«) is as defined in (82). The continuity of ®(«) stated
in (88) implies that if dq’ < 0 at a« = 0, then f can not be
the minimizer of D(f). We next show that this is indeed the
case. Differentiation of (89) with respect to « gives

do 2N () [K — C(a)] X + N(a)?49E

— « doz' 91
do K — Cla) oD
Differentiating (90) we get
AN _ ()
da ~ 4r %
1 [ do [ gWw) / g(w)
— dw — ————d 92
2w[ q<w>r<w>[ @™ ] e ¢

and, therefore, = 0. Substitution of this into 1),

o
together with the fact that 0 < N (0) < oo and that

|a 0 <
0 for a non almost constant g, yields that
do
— 0, (93)
da la=0

thus discarding the optimality of fj.

As a result, the global optimum is characterized sign com-
bination c), i.e, by (81) with o > 0. Finally, the uniqueness of
a follows directly from (84). This completes the proof. ®

Proof of Theorem 2

Since the functions N(«), C(a) and are continuously
differentiable Yoo € (e, 00), so is ®(«). We therefore have

that if J® J®
lim — <0and lim — >0, (94)
(x—)a:r 0% a—00 da
then vy, the minimizer of ®(a), needs to satisfy
dd
—_— =0. 95
dOé A=Qopt ( )

We will first elaborate upon (95) to derive (28). Then we will
prove that (94) holds.

From (91), one can see that 92 = 0 iff K = C(a) —
N& dg, prov1ded 75 0 and flig # 0. If ¢ is not almost
da

240r else, if we extend the support of the function In(-) by defining In(0) =
—o00, then we obtain 7, p = 0. This would imply fo(w) = 0 for all w such
that g(w) > 0. Thus, since fo must belong to Ca, the integral of In fo(w) over
the remaining frequencies needs to be infinite. Since In(z) < =,V € RT,
this implies that || fo||> = oo (infeasible) and D(fo) = oo

constant, then this is guaranteed (apply Theorem 7 to (92)
and (83)). Else, if g is A.E. flat, then f,(w) = 1 VYw €
[—m, 7], Va € [amin, ), and all @ € (., 00) are optimal.
Thus, for a non almost constant g, we have

K = 0(a)*x

T g(w) T _dw (7T __g(w)
f ™ q(w)3r w) f 7 q(w) dw f m q(w)? f 7 g(w)?r(w) dw
fﬁ g(w dw 2m [* ﬂq(wg)(;’) dw

f—ﬂ' q w)r w) 7
(96)

where ¢(w) and r(w) are as defined in (48). Application of
the identity Ly = 1 (1 220 (which follows from (48)
and (49a)) to the numerator on the right hand side of (96)
yields (28).

Now we will prove (94).

The Sign of lim + z—i: Since o, = min{0, ak}, this

a—Q

limit needs to be analyzed for two possible scenarios, depend-
ing on whether or not ax is positive.

e The Case ag < 0 For this case, a. = 0, so we
need to prove that lim,_,g+ d®/da < 0. From Propo-
sition 3 it follows that the first condition in Assump-
tion 1 (9(w) > 0 Vw € [—m, x]) must necessarily hold
in order to obtainagy < 0. Thus, ®(a) and its first
derivatives are continuous. Therefore, in view of (93),
we get lim,_,g+ ‘[% = % 0o <0.

o The Case ag > 0. For this case, we need to prove that
limaﬂa; d®/da < 0. Rewrite (91) as

) N N(a)d€
o _ (a) gdl | (@) G 97)

doo K —C(a) K —C(a)
From (92), it easy to see that 4¥ < 02(3), Ya > 0. On

the other hand, from (49d), and given that g € L1 and
a > 0, we conclude that 6(«) is bounded. Thus, —a is
bounded. From this, and recalling that dc <0, Ya > 0,
it is clear from (97) that there a value for « greater than
e under which K — C(e) is small enough to render 22
negative. Therefore, limy o, d®/da < 0.

The Sign of limg_ o 3—2: Substitution of (92) and (83)

into (91) yields

;zi:mz_v% {25( )CCZTNJFN( )‘;g]

= Ula)x 98)
S(a) ;/m/mdw_/m

e 217 | (j:(w)/“ o ‘Z T
~ue) 5 / My / ) dw:’




with

hw) 2 S(a)g(w)+ L, ©92)
U(a> £ Qﬂ][vfgi)g((i))]ﬁ (99b)
S(a) & K—C(a); (99¢)
T(a) £ N(a)d(a) (99d)

Direct application of Theorem 7 to (98) allows one to conclude
that

Since ¢(w) =
R(g(w)), where

Q(x) £ R(z) +
Vit a;

A
H(z) £ S(a)z + T(a)/Q(x)
are continuous functions, we have from (100) that

d ug . d

dd

1
dg QDR o (101)

Since clearly %m < 0, it is only left to determine the
sign of

d d 1
i (@8) = 3 (se+ Qe
= SQ 7+ 27Q 7 + Sl £ (@)

—SQ' — [2TQ " + Sg] (% n 1) 02
= (SQ[R —g] —27) /(Q*R)

= (8 —2T/a)a/(Q*R).

It follows directly from the last equation that the sign of
dig(H/Q) corresponds to the sign of S(a) — 2T (a)/a.
Thus, (101) translates into

S(a) = 2T () /e > 0
—K—-C(a) —2N(a)f(a))/a > 0
dd

=—— >0
da>’

see (99). From inequality (49d), the left hand side of (102) is
lower bounded as

K- (\/92/a+1 +g/\/c7)2 [1+27a]

< K- C(a) —2N(a)f(a)/a,

(102)

where § = 55" g(w)dw. From this inequality, and since
K >1and g < oo, it is clear that lim,_, o (S(a) — 2T (c)) >
0. It then follows from (102) that lim, . 92 > 0.

Thus (94) holds, and ¢ needs to satisfy (95) and (28).
This completes the proof. [ ]

E. Proof of Theorem 3

Monotonicity: Denote the right hand side of (28) as
k(a) = 0(a)?/c. Then we have

i~ (o) o)

=k | T

(103)

dw <0,

wherein (49a) has been used. This proves the second claim in
Theorem 3.

Convexity: ¢ (103)
% = k(a) (%f:r fgzg dw) += /" Tg((:))s dw| , which
is clearly positive for all o« > 0. This shows that the right
hand side of (28) is a convex function, proving the first claim
of the theorem.

Limits: In order to show that the limits (29) and (30) in
Theorem 3 hold, we write k(o) as

E(a) = 0(a)?/a

1]1n[x/g<w)2+a “’M]dw (104)
™ vao '

—T

Differentiation of yields

= exp

We will first prove the validity of lim,_o+ 0(a)?/a = oo.
Clearly, if g(w) > 0 for all w € [—m, 7] (condition i) of
Assumption 1), then the right hand of the above equation tends
to oo as o — 0. If this wasn’t the case, then the second
condition of Assumption 1) must be satisfied, and therefore the
conditions of Proposition 3 are met. Applying Proposition 3
and the fact that 0(a)?/a > || fa||* (see (81)), it follows that
k() tends to oo as o — 0. This proves the validity of (29).

In order to show that lim,_,~ k() = 1 (i.e., (30)) holds,
we first note from (104) that §(a)?/a > 1 for all & > 0. On
the other hand, applying (49d), we obtain

2
0(c)*/a < (x/g2 +a +g) /e,
where § £ 7" g(w)dw. Since § < oo (as required by
Assumption 1), the right hand side of (105) clearly tends to 1
as o — 00. Therefore, lim, o k(o) = 1. ]

(105)

FE. Proof of Theorem 4

In view of Theorem 3, it suffices to proof the limits for
a — 0% and o — oo, respectively. The uniform convergence
of fo to fo as o — 0 if g(w) > 0 Vw € [—m, 7] was already
shown in the proof of Theorem 1. In order to show that f,
tends uniformly to f., as a — oo, we write

exp (217_}7: In [W}dx> NG
VW) +a +g(w)

If g(w) < o0, Yw € [—m, ], then —W tends

fa(w) =

. (106)

uniformly to 1 as a« — co. Applying this result to (106) yields
that f,, tends uniformly to 1 = f,, as a — oc. [ ]



G. Proof of Theorem 5
From (28) and (38) we have

We 2
1 VIWw)? + a,
K =exp 7/111 W)+ aopt +9(w) dw
21 /Qopt
We 2
1 Vg (w)? + aopr + Vg1 (w)
=exp| — [ In dw
27 /Qopt

With the change of variable v = Aw, this becomes
e —T 2
K = exp (555 [", ln[ gl(u)i;j;p:///\/\ﬁl(u)} du). Thus,

by writing v, as the function a,p (K, A), we conclude that
Qopt (K, ) = Aaopt(K*, 1). Substituting the latter and (38)
into (37) we obtain

D*(K,\)

= i C[\/g,\(w)Q + aopt (K, )\)‘ - g,\(w)} g (w)dw

—we

= 417T/” [\/gl (u)? + aope (K2, 1)‘ - gl(u)} g1 (u)du

= D*(K*,1).

This completes the proof. [ ]

H. Proof of Theorem 6
Applying (49c¢) to (37) one can write

aopt(Kv 1)
4

_ (K - 1)0;01015([{7 1) D*h(K, 1)

Koo (K, 1)

4

D*(K,1) <

D*"(K 1),

IN

£ 2 is the minimum FWMSE corre-
1

where D*"(K,1) T
when A\ = 1. Substitution of (49a)

sponding to ¢;(w) =
into (28) yields

Kaopt(fﬂ 1)

— exp %/ﬂ In <\/g(w) 4o (K, 1) + g(w)>2dw

—T

Since aopi(,1) is monotonically decreasing (see Theo-
rem 3), it follows that Ko, (K, 1) decreases with increasing
K. Since K > 1, this leads directly to D*(K* 1) <
GD*"(K* 1), YA > 1, where G £ %(K’l) is independent
of \. Applying Theorem 5 to both sides of the latter inequality,
we obtain D*(K,\) = D*(K*1) < GD*"(K*1) =
GD*"(K, \). Since D*"(K, \) corresponds to the minimum
FWMSE for a constant g, by virtue of (42) we have that
D*"(K,\) < K~*/(1 — K~1'). Substitution of this into
the last inequality yields D*(K,)\) < —%—K~*. This
completes the proof. [ |
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